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Function Estimation in Predicting Temperature-Dependent
Thermal Conductivity Without Internal Measurements
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The conjugate gradient method of minimization with an adjoint equation is used successfully to solve the
inverse problem in estimating the temperature-dependent thermal conductivity of the homogeneous as well as
nonhomogeneous solid material. It is assumed that no prior information is available on the functional form of
the unknown thermal conductivity in the present study, thus, it is classified as the function estimation in inverse
calculation. The accuracy of the inverse analysis is examined by using simulated exact and inexact measurements
obtained within the medium. Results show that an excellent estimation on the thermal conductivity can be
obtained with any arbitrary initial guesses by using just boundary measurements (i.e., internal measurements
are unnecessary) within 1 s CPU time in a VAX-9420 computer. The advantages of applying this algorithm in
inverse analysis can greatly simplify the experimental setup, diminish the sensitivity to the measurement errors,
and reduce the CPU time in inverse calculation, while the reliable predictions can still be achieved.

Nomenclature
/ = functional defined by Eq. (2)
/ ' = gradient of functional defined by

Eq. (11)
k(T) or k(x, t) = unknown thermal conductivity
P = direction of descent defined by Eq. (3b)
T(x, t) = estimated dimensionless temperature
Y(x, t) = measured temperature
ft = search step size

= conjugate coefficient
= sensitivity function defined by Eq. (4)
= Dirac delta function
= convergence criteria
= Lagrange multiplier defined by Eq. (9)
= random number

c, t)

s
A(JC, t)
a)

Subscript
r

Superscripts
n

= reference parameters

= iteration index
= estimated values
= dimensional parameters

I. Introduction

T HE present work addresses the development of an ef-
ficient method (i.e., conjugate gradient method) of anal-

ysis for estimating the temperature-dependent thermal con-
ductivity of a homogeneous medium using multiple spatial
and temporal temperature measurements in transient heat
conduction experiments with no prior information on the
functional form of the unknown quantities.

Numerous engineering and mathematical researchers have
considered problems equivalent to estimating constant or spa-
tially-dependent thermal conductivity, such as in Refs. 1 and
2, which are the special cases of a general class of mathe-
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matical problems called "distributed parameter system." Re-
cently, Huang and Ozisik3 4 used direct integration and Lev-
enberg-Marquardt methods to estimate thermal conductivity
and heat capacity simultaneously; Beck and Al-Araji5 deter-
mined the constant thermal conductivity, heat capacity, and
contact conductance at one time; Tervola6 used the Davidon-
Fletcher-Powell method to determine temperature-depen-
dent thermal conductivity. All the above references belong
to parameter estimations, i.e., the functional form for the
unknown quantities should be assigned before the inverse
calculations. However, when the thermal conductivity of a
nonhomogeneous or composite material is to be estimated,
parameter estimation is difficult to achieve, thus, function
estimation with the conjugate gradient method should be used
in this inverse heat conduction problem to estimate temper-
ature-dependent thermal conductivity k(T).

Alifanov et al.7-8 were among the earlier users of the con-
jugate gradient method. More recently, the method has been
used for solving the inverse problems of determining the wall
heat flux in laminar flow through a parallel plate duct,9 in-
terface conductance between mold and casting during solidi-
fication,10 interface conductance between periodically con-
tacting surface,11 wall heat fluxes of a hollow cylinder,12 and
heat fluxes inside the cylinder of an internal combustion en-
gine.13

The conjugate gradient method derives basis from the per-
turbation principles7 and transforms the inverse problem to
the solution of three problems, namely, the direct problem,
the sensitivity problem, and the adjoint problem, which will
be discussed in detail in this article. In this work, the min-
imization process with the conjugate gradient method using
internal temperature measurements is first examined, then
the investigations of using just boundary measurements with
simulated exact and inexact temperature are performed and
found to be applied successfully in estimating the unknown
k(T).

II. Direct Problem
To illustrate the methodology for developing expressions

for use in determining unknown k(T) in a homogeneous me-
dium, we consider the following transient inverse heat con-
duction problem. A slab of thickness L is initially at temper-
ature f(x, 0) = TV For time I > 0, the boundary surface at
x = 0 is subjected to a prescribed constant heat flux q^ while
at boundary x = L, a constant heat flux q2 is taken away from
the slab by cooling. Figure la shows the geometry and the
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Fig. 1 a) One-dimensional physical problem, b) thermocouple ar-
rangement for m points measurements, and c) thermocouple arrange-
ment for 2 points measurements.

coordinates for the one-dimensional physical problem con-
sidered here. The mathematical formulation of this transient
heat conduction problem in dimensionless form is given by

J - a in 0 < * < 1 (la)

OX

at , =

at

T(x, f) = T0 for t = 0

(Ib)

(Ic)

(Id)

Where the following dimensionless quantities were defined:

x = x/L T = flfr k = klkr

q = (LlkrTr)q t = (kr/pCpL2)t

pCp is the heat capacity per unit volume and fr and kr refer
to the nonzero reference temperature and thermal conduc-
tivity, respectively. We assume T0 = T1,., i.e., 7"0 = 1 in the
direct problem (1). The above quantities are assumed known,
whereas k(T) is the unknown temperature-dependent thermal
conductivity that is yet to be determined.

When generating simulated temperature measurements
T(x, f), i.e., given k(T) to calculate temperature T(x, t), the
direct problem (1) is nonlinear since thermal conductivities
are functions of temperature, therefore, an iterative technique
is needed for solving the problem with a finite difference
method. At this stage, k(T) cannot be replaced by k(x, t),
since k ( T ) is unknown before the direct problem calculations.
However, when the temperatures T(x, t) are converged by
iterative technique under some specified initial and boundary
conditions, the values of k at any time and position (x, t),
should be fixed because temperatures T(x, t) are known and
fixed at any (jc, t).

Now, in the inverse calculations considered here, the mea-
surement temperatures T(x, t) are assumed known either from
numerical simulations or from real experiments. Once T(x,
t) results are obtained, there exists some unknown, but fixed,

exact thermal conductivity that their values (number), k(x,
f), at any specific time and position (x, t), must satisfy the
Fourier equation to result in this known temperature distri-
bution T(x, t), therefore, k(T) = k(x, t) can be used in the
inverse calculations, even if the problem is nonlinear, i.e.,
thermal conductivity is a function of temperature.

The direct problem considered here is concerned with the
determination of the medium temperature when the thermal
conductivity [in the forms of k(T) or k(x, t)], other thermal
properties, and the boundary conditions at x = 0 and x = 1
are known.

III. Inverse Problem
For the inverse problem, the thermal conductivity k(x, f)

is regarded as being unknown, but everything else in Eq. (1)
is known. In addition, temperature readings taken at some
appropriate locations are considered available.

Referring to Fig. Ib, we assumed that m sensors are used
to record the temperature information to identify k(x, f) in
inverse calculations. Let the temperature reading taken within
these sensors over the time period tf be denoted by Yf(xh f)
= y/(0> i — 1 to m, where / = 1 and m are always corre-
sponding to x = 0 and 1 (i.e., boundary measurements),
respectively. We note that the measured temperature Y,(t)
contains measurement errors. Then the inverse problem can
be stated as follows: by utilizing the previously mentioned
measured temperature data Y^t), estimate the unknown k(x,
t) over tf.

Since all the measured temperatures are used to compute
the entire unknown function for one period of time variation
and no prior information is available on the functional form
of k(x, f), therefore, the method used here may be classified
as the function estimation in the whole domain14 for the de-
termination of the nonlinear thermal conductivity k(T).

The solution of the present inverse problem is to be ob-
tained in such a way that the following functional is mini-
mized:

J[k(T)] - J[k(x, ()} = f'_o I [7X*,, 0 - Yfa, /)? dt (2)

here, Tt are the estimated temperatures in the slab at the
measurement locations x = xf. These quantities are deter-
mined from the solution^ the direct problem given previously
by using an estimated k(x, f) for the exact k(x, t). Here, the
superscript " A " denotes the estimated quantities.

IV. Conjugate Gradient Method for Minimization
The following iterative process based on the conjugate gra-

dient method7 is now used for the estimation of k(x, t) by
minimizing the functional J[k(x, t)]

k" + l(x, t) = k"(x, f) - p"P"(x, 0 for n = 0, 1, 2, . . .
(3a)

where p" is the search step size in going from iteration n to
iteration n + 1, and P"(x, t) is the direction of descent (i.e.,
search direction) given by

P*(x9 t) = J'"(x, t) + ynPn~l(x, t) (3b)

which is a conjugation of the gradient direction J'"(x, f) at
iteration n and the direction of descent P""1^, t) at iteration
n — 1. The conjugate coefficient is determined from

f1 f'f I f1 (tf
y=\ (J'")2dtdx/\ (J'"-l)2dtdx

Jx = Q J, = o JA- = O J/ = 0

with y° = 0 (3c)
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We note that when y" = 0 for any n, in Eq. (3b), the
direction of descent P"(x, t) becomes the gradient direction,
i.e., the "steepest descent" method is obtained. The conver-
gence of the previous iterative procedure in minimizing the
functional / is guaranteed in Ref. 15.

To perform the iterations according to Eqs. (3), we need
to compute the step size /3" and the gradient of the functional
J'n(x, f). In order to develop expressions for the determination
of these two quantities, a "sensitivity problem" and an "ad-
joint problem" are constructed as described next.

V. Sensitivity Problem and Search Step Size
The sensitivity problem is obtained from the original direct

problem defined by Eq. (1) in the following manner: It is
assumed that when k(x, t) undergoes a variation AA;(;t, f), T(JC,
f) is perturbed by T + AT. Then replacing in the direct prob-
lem k by k + AA: and T by T + AT, subtracting from the
resulting expressions the direct problem, and neglecting the
second-order terms, the following sensitivity problems for the
sensitivity function AT are obtained:

dx dx dx

, Q .
dt in 0 < X < 1

dx

at

dx dx
for t = 0

at

(4a)

(4b)

(4c)

(4d)

The functional J(k
rewriting Eq. (2) as

Ar(jc, o =
for iteration /t + 1 is obtained by

(5a)

where we replaced kn + 1 by the expression given by Eq. (3a).
If temperature T^k" - f$nP") is linearized by a Taylor ex-
pansion, Eq. (5a) takes the form

where T,(k") is the solution of the direct problem by using
estimate k"(x, t) for exact k(x, t) at x = xt. The sensitivity
function Ar,(P") is taken as the solutions of problem (4) at
the measured positions x = xf by letting A& = Pn.16 The
search step size /3" is determined by minimizing the functional
given by Eq. (5b) with respect to j8". The following expression
results:

dt '{" s
J.-o fr

(AT,)2 dt (6)

VI. Adjoint Problem and Gradient Equation
To obtain the adjoint problem, Eq. (la) is multiplied by

the Lagrange multiplier (or adjoint function) A(JC, t) and the
resulting expression is integrated over the time and corre-
spondent space domains. Then the result is added to the right-
hand side (RHS) of Eq. (2) to yield the following expression
for the functional J[k(x, t)]:

J[k(x, t)] = J* Q 2 [T, - Yf

r (tf , \d+ A \—
L = o J, = o [dx

dt

, t)L-L

dt
dt dx

(7)

The variation A/ is obtained by perturbing k by AA: and T
by AT in Eq. (7), subtracting from the resulting expression
the original Eq. (7) and neglecting the second-order terms.
We thus find

A/ - i 2(7\ - Y^T, dt
Jt = 0

ri ctf m-\
y 2(7 - Y)hT8(x - x,) dt dx

Jx = 0 Jt = 0 i = 2

2(Tm -
1 ttf f d r , / x dM — k(x, t)

x = o J/ = o [dx \_

,t)~\JL^ -
J

,, x dT(— AA:(;c, 0 — !L

dx v ' ' dx dt
dt dx (8)v '

where 8(x - x^) is the Dirac delta function and xh i = 2 to
m - 1, refers to the internal measured positions; they were
shown to be numerically unnecessary in Sec. IX. In Eq. (8),
the second double integral term is integrated by parts; the
initial and boundary conditions of the sensitivity problem given
by Eqs. (4b-4d) are utilized and then A/ is allowed to go to
zero. The vanishing of the integrands containing AT leads to
the following adjoint problem for the determination of \(x, f):

c, t)
dx

dt

-k(x, t)-

k(x, t) -

^ Q

2(T - Y)8(x - x,)

X < I (9a)

\ - 70 at x = 0 (9b)

^^ = 2(Tm - Ym) at x = I (9c)

A(JC, 0 = 0 for t = tf (9d)

The adjoint problem is different from the standard initial
- y,]2 dt (5b) value problems in that the final time condition at time t = tf

is specified instead of the customary initial condition. How-
ever, this problem can be transformed to an initial value prob-
lem by the transformation of the time variables as T = tf -
t. Then the standard techniques can be used to solve the
adjoint problem.

Finally, the following integral term is left:

A/ = r p _ r^fc_o ^zx£iOi M( 0 dt fr (10a)
Jo J/ = o [ dx dx J

Before obtaining the expression of gradient equation, we
first introduce a notation of gradient of functional (the first
Frechet derivative17). For k = k(x, r), x e [0, 1] and t e [0,
tf], is the function considered as an element of functional space
k(x, f) G L2-norm. If the functional increment can be pre-
sented as

A/ = f | /'(*, t)bk(x, t) dt dx
JO Jr = 0

(10b)

Then function J'(x, t) is called a gradient of functional. A
comparison of Eqs. (lOa) and (lOb) leads to the following
expression for the gradient /'(*, f) of the functional J[k(x, t)]:

t) = - , t) dT(x, t)
dx dx (11)
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We note that J'(x, tf) is always equal to zero since A(JC, tf)
= 0.0, therefore, if the final time values of k(x, tf) can't be
predicted before the inverse calculation, the estimated values
of k(x, f) will deviate from exact values near the final time
condition.7 This is the case in the present study. However, if
we let A(JC, tf) = \(x, tf - A/), where Ar denotes the time
increment for use in finite difference calculations, the sin-
gularity at t = tf can be avoided in the present study and
reliable inverse solutions can be obtained.

VII. Stopping Criterion
If the problem contains no measurement errors, the tra-

ditional check condition is specified as

, f)] < s (12)

where e is a small specified number. However, the observed
temperature data may contain measurement errors. There-
fore, we do not expect the functional Eq. (2) to be equal to
zero at the final iteration step. Following the experience of
the authors,9"13 we use the discrepancy principle as the stop-
ping criterion, i.e., we assume that the temperature residuals
may be approximated by

r, - y, (13)

where a is the stand deviation of the measurements, which
is assumed to be a constant. This assumption was also made
by Tikhonov18 in order to find the optimal regularization pa-
rameter. Substituting Eq. (13) into Eq. (2), the following
expression is obtained for e:

s = mcr2tf (14)

Then, the stopping criterion is given by Eq. (12) with s
determined from Eq. (14).

VIII. Computational Procedure
The computational procedure for the solution of this inverse

problem may be summarized as follows:
Suppose kn(x, f) is available at iteration n.
Step^l: solve the direct problem given by Eq. (1) for T(x, t).

Since k(x, f) rather than k(T) is used, therefore, the problem
becomes linear.

Step 2: examine the stopping criterion given by Eq. (12)
with s given by Eq. (14). Continue if not satisfied.

Step 3: solve the adjoint problem given by Eq. (9) for
A(x, t).

Step 4: compute the gradient of the functional /' from Eq.

Step 5: compute the conjugate coefficient y" and direction
of descent Pn from Eqs. (3c) and (3b), respectively.

Step 6: set AA:(;t, f) = Pn(x, f), and solve the sensitivity
problem given by Eq. (4) for kT(x, f).

Step 7: compute the search step size fi" from Eq. (6).
Step 8: compute the new estimation for k" + l(x, t) from Eq.

(3a) and return to step 1.

IX. Results and Discussion
To illustrate the accuracy of the conjugate gradient method

in predicting k(T) with inverse analysis from the knowledge
of transient temperature recordings, we consider two specific
examples where the thermal conductivity is in a very com-
plicated functional form, such as the combination of sinusoidal
and exponential function in the first example and the com-
bination of second-order polynomial and exponential function
in the second example, with temperature as the dependent
variable.

The objective of this article is to show the validity of the
present approach in estimating k(T) accurately with no prior

information on the functional form of the unknown quantities,
which is the so-called function estimation. Moreover, the in-
ternal temperature measurements will be shown unnecessary
from the numerical experiments for both examples.

In order to compare the results for situations involving
random measurement errors, we assume normally distributed
uncorrelated errors with zero mean and constant standard
deviation. The simulated inexact measurement data Y can be
expressed as

Y = YM. J. ~, + 0)CT (15)

where yexact is the solution of the direct problem with an exact
k(T)\ a is the standard deviation of the measurements; and
co is a random variable that is generated by subroutine
DRNNOR of the IMSL,19 and will be within -2.576 to 2.576
for a 99% confidence bounds. One should note that when
generating simulated measurement temperature Y, exact k(T)
is used in the direct problem, and thus, the problem is non-
linear and the iterative technique is needed for its solutions.
However, in the inverse calculation, the thermal conductivity
exists in the form of k(x, f), so that the problem becomes
linear and the estimated temperature can be calculated di-
rectly.

One of the advantages of using the conjugate gradient method
is that the initial guesses of the unknown quantities can be
chosen arbitrarily. In all the test cases considered here, the
initial guesses of k(x, t) used to begin the iteration are taken
as k(x, Oinitiai — 10 ~8. The space and time increments are
taken as A* = 0.1 and A£ = 0.1, respectively, in the finite
difference calculations; the boundary heat fluxes are taken as
ql = 20 and q2 = 14; the total measurement time is chosen
as tf = 6, and the measurement time step Dt is taken the
same as Af, therefore, a total of 660 discrete numbers of k(x,
f) are to be estimated in the inverse calculations.

We now present two numerical experiments in determining
k(T) by the inverse analysis.

A. Numerical Test Case 1
The thermal conductivity k(T) is assumed to vary with tem-

perature in the form

k(T) = KQ x Qxp(T/K2) K3 X (16)

where the constants K0, Kl, K2, K3, and K4 are taken as 1,
4.5, 80, 2.5, and 5, respectively. The exact function of k(T)
in terms of k(x, t) within the total space and time domain is
sketched in Fig. 2.

The inverse analysis is first performed by using 11 ther-
mocouple measurements (referring to Fig. Ib with m = 11)
with thermocouple spacing Dx equal to finite difference spac-
ing AJC, i.e., Dx = 0.1. When assuming exact measurements,

Fig. 2 Exact function of k(T) in case 1. k(T) = K0 + tf, x exp(7V
K2) + K3 x
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Fig. 3 Estimated function of k(x, t) in case 1 by 11 sensors with o- =
0.0.

Fig. 6 Estimated function of k(x, t) in case 1 by 2 sensors with a
0.07.

12.00

Fig. 4 Estimated function of k(x, t) in case 1 by 2 sensors with o- =
0.0.

Fig. 5 Estimated function of k(x, t) in case 1 by 2 sensors with cr =
0.01.

a = 0.0, the estimated function of k(x, t) is shown in Fig. 3.
The value of functional / obtained in such a case can be
decreased to a very small number as the number of iterations
are increased. The comparisons between Figs. 2 and 3 show
that the inverse analysis with conjugate gradient method in
estimating k(x, t) are now accomplished.

However, this test case seems unrealistic, since too many
internal sensors were used in the numerical experiment. Now
the question arises, can the number of sensors be reduced
with the present approach? To answer this, the numerical
experiment is then proceeded to the second case, i.e., using
just boundary measurements (referring to Fig. Ic with m =
2) and a = 0.0. We note that the internal heat sources ap-
pearing in the adjoint problem should be deleted in this case.

10.00

£ 8.00
tso
<J
08
E

J3
H 6.00 -

4.00 T
0.00 40.0010.00 20.00 30.00

Temperature, T
Fig. 7 Exact and estimated values of k(T) at x = 0.5 in case 1.

The inverse solutions in predicting k(x, f) under such an
assumption is shown in Fig. 4, which is also in an excellent
agreement with the exact function of k(x, f) as shown in Fig.
2. From the comparisons of numerical data we learned that
the inverse solutions in predicting k(x, t) with 11 sensors are
better than that with 2 sensors, especially near the final time
region, however, the latter case is already good enough to be
accepted as the inverse solutions.

Next, when the dimensionless measured temperatures with
errors cr - 0.01 and cr = 0.07 are obtained according to Eq.
(15), the inverse solutions using these inexact measurements
as the simulated temperature measurements are shown in
Figs. 5 and 6, respectively. Moreover, in order to show k(T)
more explicitly as a function of temperature T and the tem-
perature range of measurements, the thermal conductivity
k(T) vs T at x = 0.5 with measurement errors a — 0, 0.01,
and 0.07 is presented in Fig. 7.

The average relative errors between exact and estimated
values are 1.350 and 5.564% for a = 0.01 and 0.07, respec-
tively, where the average relative error is defined as

- (n x m) x 100% (17)
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Table 1 Convergent parameters for 2 point measurements in case 1

Case 1: k(T) = K0 + K, x exp(77K2) + K3 x sin(77K4)
Measurement
error, a

0.00
0.01
0.07

Stopping
criterion

l.OOE-004
1.20E-003
5.88 E-002

Number of
iterations

28
21
17

VAX-9420
CPU time, s

0.49
0.36
0.31

Average relative
error, %

0.662
1.350
5.564

Fig. 8 Exact function of k(x, t) in case 2. k(T) = K0 + Kv x T. +
K2 x T2 +

and m and n represent the total discrete number of position
and time increments, respectively, while k and k denote the
exact and estimated values of thermal conductivity.

For the case when cr = 0.07, the dimensionless measured
temperature errors will be within -0.18 to 0.18 for a 99%
confidence bounds, which implies that a total of about 0.36
dimensionless temperature error is allowed. According to Fig.
7, the dimensionless temperature at x = 0.5 will range from
1 to 35, thus, the average relative measurement error is about
2%. By using this 2% measurement error, one could estimate
the thermal conductivity with an average relative error of
about 6%. This proves that the measurement errors did not
amplify the errors of estimated thermal conductivity, and
therefore, the present technique provides a confident esti-
mation.

To illustrate the fast convergence of the present approach,
Table 1 shows the number of iterations and CPU time in a
VAX-9420 computer for 2-point measurements. Indeed, the
necessary CPU time is always within 1 s and the number of
iterations are in the order of one-tenth in estimating 660 un-
known discrete numbers of k(x, t) simultaneously by using
arbitrary initial guesses, which shows that the speed of con-
vergence is very fast.

B. Numerical Test Case 2
In the second test case, k(T) is taken as

k(T) = K0 + K, x T + K2 x T2 + exp(77/Q (18)

where the constants K0, K^ K2, and K3 are taken as 1, 0.01,
0.00001, and 20, respectively, and the exact function of k(x,
f) is shown in Fig. 8.

The estimation of k(x, f) by using 11 and 2 sensors with
exact measurements a = 0.0 also shows a very good agree-
ment with the exact values of k(x, t), except for the values
near t = 0 and t = /y, when only 2 sensors were used. There-
fore, the three-dimensional plots for both cases are omitted
since they will be very similar to Fig. 8.

Next, when the measurement errors with cr = 0.01 and 0.1
are considered, the estimations for k(T) are sketched in Figs.

Fig. 9 Estimated function of k(x9 t) in case 2 by 2 sensors with a =
0.01.

Fig. 10
0.1.

Estimated function of k(x, i) in case 2 by 2 sensors with cr =

9 and 10, respectively, Fig. 11 indicates the relation between
k(T) and !Tat x — 0.5. The average relative errors between
exact and estimated values are 1.199 and 5.030% for cr =
0.01 and 0.1, respectively. For the case when a = 0.1, the
dimensionless measured temperature errors will be within
-0.2576 to 0.2576 for a 99% confidence bounds, this means
a total of about 0.5 dimensionless temperature error is al-
lowed. From Fig. 11, the dimensionless temperature at x =
0.5 will range from 1 to 35, thus the average relative mea-
surement error is about 3%. Again, this result shows that the
measurement errors did not amplify the error of estimated
thermal conductivity.

Table 2 indicates the CPU time and number of iterations
for 2 point measurements, which also shows a fast conver-
gence in using the conjugate gradient method for the inverse
calculations. Finally, if one is interested in computing the
confidence bounds of the present study, the technique used
in Refs. 3 and 4 is recommended.

From the previous numerical test cases 1 and 2, we con-
cluded that the conjugate gradient method can be applied
successfully in the function estimation for predicting the tem-
perature-dependent thermal conductivity with very fast speed
of convergence.
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Table 2 Convergent parameters for 2 point measurements in case 2

Case 2: k(T) = K0 + K, x T + K2 x T2 + exp(77/Q
Measurer tent
error, cr

0.00
0.01
0.10

Stopping
criterion

l.OOE-004
1.20E-003
1.20E-001

Number of
iterations

37
29
17

VAX-9420
CPU time, s

0.62
0.48
0.31

Average relative
error, %

0.975
1.199
5.030

8.00

6.00-
H
•tt

4.00

2.00-

0.00

0.00 40.0010.00 20.00 30.00
Temperature, T

Fig. 11 Exact and estimated values of k(T) at x = 0.5 in case 2.

X. Conclusions
The conjugate gradient method with adjoint equation was

successfully applied for the solution of the inverse problem
to determine the temperature-dependent thermal conductiv-
ity without the necessity of using interior sensors. Several test
cases involving different functional forms of k(T) and mea-
surement errors were considered. The results show that the
conjugate gradient method does not require a priori infor-
mation for the functional form of the unknown quantities and
it needs a very short CPU time in the VAX-9420 to perform
the inverse calculations.
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